ON THE DUALITY BETWEEN ^-HOMOLOGY 
AND BOUNDED COHOMOLOGY 



THEO BUHLER 



Abstract. We modify the definition of I -homology and argue why our defi- 
nition is more adequate than the classical one. While we cannot reconstruct the 
classical ^-homology from the new definition for various reasons, we can re- 
construct its Hausdorffification so that no information concerning semi-norms 
is lost. We obtain an axiomatic characterization of our ^-homology as a uni- 
versal 5-functor and prove that it is pre-dual to our definition of bounded 
cohomology. We thus answer a question raised by Loh in her thesis. More- 
over, we prove Gromov's theorem and the Matsumoto-Morita conjecture in 
our context. 
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1. Introduction 



Gromov introduced ^-homology and bounded cohomology for topological spaces 
in the late seventies |Gro82j . The initial purpose of these exotic (co-)homology the- 
ories was to provide topological invariants which control the minimal volume of a 
smooth manifold which, by definition, is an invariant of the differentiable structure. 
One of Gromov's deeper theorems asserts that the bounded cohomology of a count- 
able and connected CW-complex is an invariant of its fundamental group. In order 
to make this statement precise, he needed to introduce ^-homology and bounded 
cohomology for discrete groups, which apparently was developed in unpublished 
work of Trauber. 

Matsumoto-Morita raised the question whether the analog of Gromov's theorem 
holds true for ^-homology |MM85l Remark 2.6]. After some flawed attempts to 
prove this true, see [Par04j and [Bou04j . the question was finally answered affirma- 
tively by Loh [L6h07] and the present author |Buh08j independently. 

The variants of ^-homology and bounded cohomology for groups were stud- 
ied by MM85J and bounded cohomology was given a "functorial approach" by 
Bro oks [Eg S), Ivanov pva85l ITva88] and Noskov |Nos90l lNos92] . see |Gri95( [GrT96] 
and |Loh07| for further references. The theory was substantially improved and gen- 
eralized to topological groups by Burger and Monod, see [BM99, MonOL j [BM02] . 
While the Burger-Monod theory proved to be extremely fruitful in the context of 
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rigidity theory, the algebraic underpinning remained rather undeveloped. In par- 
ticular, it was unknown whether bounded cohomology could be interpreted as a 
derived functor. The main purpose of |Buh08| is to close this gap and to give an 
interpretation of ^-homology and bounded cohomology in the context of modern 
homological algebra in order to benefit from the power of its proper language, i.e., 
category theory. 

Let us turn to mathematics proper. Let Ban be the additive category of Banach 
spaces and continuous linear maps. It is well-known that Ban is quasi-abelian and 
that there are enough projectives and enough injectives. If G is a group, we denote 
the category of isometric representations of G on Banach spaces and G-equi variant 
continuous linear maps by G— Ban. It is easy to prove that G— Ban is quasi-abelian 
and has enough projectives and enough injectives, hence the formalism of derived 
categories allows us to derive functors defined on G— Ban. In order to speak of 
homology, the theory of i-structures and their hearts is virtually forced upon us. 

For every quasi-abelian category there are two canonical ^-structures, which 
we call the left and right i-structures, see Definition 12.51 The left ^-structure on 
D {sf° v ) = (D(jz/))° p is dual to the right t-structure on D {sf) in the sense of 
[BBD82) 1.3.2 (iii)j. In particular the heart 1f e (sf op ) of the left i-structure on 
D {sf op ) is equivalent to the opposite category of the heart 1? r {sf) of the right 
t-structure on D {si). We write H? : D {s/) — > ^ {sf) and H? : D {s/) -> 1f r {s/) 
for the associated homological functors. 

There is the following explicit description of the left heart 1ft {sf) on D {sf): 
objects are represented by a monic {A^ 1 — > A ) in sf while the morphisms are 
obtained from the morphisms of pairs by dividing out the homotopy equivalence 
relation and inverting quasi-isomorphisms (bicartesian squares) formally. By the 
aforementioned duality, the right heart H> r {sf) has a dual description. 

There are exact inclusion functors 

Lt'.st-+ < €t {sf) and t r : sf -> # r {sf) 

given on objects by te{A) = (0 — ► A) and i r {A) = {A — ► 0). The functor has a 
left adjoint qt given on objects by qt{d : A^ 1 — > A Q ) = Coker^ {A). Similarly, t r 
has a right adjoint q r induced by the kernel functor in sf. 

Let us specialize to the category G— Ban. The trivial module functor (augmen- 
tation) e (— ) : Ban — > G— Ban has a left adjoint given by the co-invariants (— )q 
and a right adjoint given by the invariants (— ) G . Underlying our definition of i 1 - 
homology and bounded cohomology are the derived functors 

L (-) G : D~ (G-Ban) -» (Ban) 

and 

R+ (-) G : D+ (G-Ban) D+ (Ban). 

By considering G— Ban as the full subcategory of complexes concentrated in degree 
zero we define for each M £ G— Ban the £ l -homology of G with coefficients in M 
as 

^ (G, M) := H- n {L- (-) G (M)) 6 tf r (Ban) 
and the bounded cohomology of G with coefficients in M as 

M'l (G, M) := H?{R+ (-) G (M)) E V t (Ban). 

Theorem. 

(i) The I 1 -homology functors assemble to a universal homological 8 -functor 
Jff (G, -) : G-Ban -> c g r (Ban), 
moreover, ^ (G, M) = {M G -> 0). 
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(ii) The bounded cohomology functors assemble to a universal cohomological 5- 
functor 

je% (G, -) : G Ban -» 1ft (Ban), 

moreover, JT° (G, M) (0 -> M G ). 

Proof. A more precise statement for ^-homology is given in Theorem 13 . 61 and the 
(entirely dual) statement for bounded cohomology is given in [Buh08| p.xiv]. □ 

Remark. While it may be perfectly plausible that for duality reasons one should 
choose to use both the left heart and the right heart for defining ^-homology and 
bounded cohomology, it is natural to wonder whether one could interchange "left" 
and "right" in the definition. In brief, the answer is "yes, one could, but only at 
the cost of a reasonable duality theory" . We will discuss this matter in Section \E[ 

The duality functor on Ban which is exact by Hahn-Banach, yields an exact 
duality functor on G— Ban and a duality functor 

(-)* : «V (G-Ban) -> tf e (G-Ban) 

which is explicitly given on objects by (/ : A — > B)* = (/* : B* — > A*). We will 
prove the following result as Proposition 13.71 

PROPOSITION. The duality functor (-)* : (G-Ban) — > ^ (G— Ban) is well- 
defined, exact and there is a natural isomorphism of functors on D (G— Ban) 

#?((-)*) = (#-"(-))*. 

One principal motivation for our definition is that one cannot interchange "left" 
and "right" in the previous proposition, see Remark 13.81 Theorem 13. 101 is: 

Theorem. The duality functor (—)* : (Ban) — > ^ (Ban) yields a natural 
isomorphism 

fat?* (G,M))* (G, M*). 

To end this introductory section, we pass from groups to spaces. Following Gro- 
mov we associate to a topological space X its ^-singular chain complex Gf (X) 
and its bounded singular cochain complex C£(X), see [Buh08| p.xxi] for the precise 
definition. We define ^-homology of X as 

,yei (X) := H~ n (Cf (X)) g tf r (Ban) 

and bounded cohomology as 

(X) :=H?(C;(X))etf e (Ban). 

If X is a countable and connected CW-complex, let G = tv\(X) be its fundamental 
group. We proved that Gj (X) considered as complex in G— Ban is a projective 
resolution of the ground field k, see [Biih08t p.xxiii]. Dually, considered as a complex 
in G— Ban the bounded cochain complex C£(X) is an injective resolution of the 
ground field. Our proof of these facts relies on one of the main results of Ivanov's 
proof of Gromov's theorem, whence the hypothesis that X be countable. Since 

Cf (X) £ (C?(X)) G = L" (-) G (k) and C* b {X) S {C* b {X)) G - R+ (-f(k) 

we obtain the following variant of Gromov's theorem and the Matsumoto-Morita 
conjecture: 

Theorem. Let X be a connected and countable CW-complex and let G = tti(X) 
be its fundamental group. There are canonical isomorphisms: 

jeC (X) = jrf (G, k) and JV* b (X) = Jf* b (G, Jfe). 
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Remark. Notice that we deduced the theorem from the fact that the complexes 
computing ^-homology and bounded cohomology are invariants of the fundamental 
group in the derived category D (Ban) . 

Remark. For connected (countable) CW-complexes, Loh introduced ^-homology 
and bounded cohomology with twisted coefficients, see |Loh 07, p. 27]. Let M be a 
Banach G-module, equip the projective tensor product complex G* (X) <g) M with 
the diagonal G-action and apply the co- invariants. In other words, she considers 

Cf {X)® G M^ k®a M, 

where the right hand side shows that this complex is an invariant of the fundamental 
group in D (Ban). Similarly, for bounded cohomology, she considers the complex 

Hom G (Cf (X), M) S R+ Hom G (k, M). 

Using the facts that k ®g — = (— )g and Home (fc, — ) = (— ) G as well as the balance 
of the derived tensor product and derived Horn, we immediately conclude that these 
complexes compute Jff* (G, M) and <ffl* h (G, M). 

Remark. The previous remark and our duality theorem constitute a rather trivial 
universal coefficient theorem for t ^homology and bounded cohomology with twisted 
coefficients of countable and connected CW-complexes — provided that one is willing 
to accept our definition of ^-homology as the correct one. 

2. Cohomology in Quasi- Abelian Categories 
Let si be an abelian category and consider a complex 

A' = (A' U A ^ A") 

in si \ that is, gf = 0. Since the compositions Im/ >— > A — > A" and A' — ► Ailing 
are both zero we obtain a commutative diagram 



Im / > > Ker g 




and the (co)homology of A* is defined to be any one of the isomorphic objects 

H(A') = Coker^ = Ker-0 = Im«, 

where u is the morphism Kerg — > Coker/, see e.g. [KS06, p. 178]. 

Recall the notion of a quasi-abelian category in the sense of Yoneda |Yon60j (see 
also Prosmans [ProOOj and Schneiders Sch99]): an additive category is called 
quasi-abelian if 

(i) every morphism has a kernel and a cokernel, 

(ii) the class of all kernel-cokernel pairs in is an exact structure in the sense of 
Quillen Qui73] : every kernel is the kernel of its cokernel, the class of kernels 
is closed under composition and push-outs along arbitrary morphisms and, 
dually, every cokernel is the cokernel of its kernel, the class of cokernels is 
closed under composition and pull-backs along arbitrary morphisms. 
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If si is quasi-abelian but not abelian, the situation is no longer as straightforward as 
before. Assume for simplicity that si has enough projectives and enough injectives. 
We obtain the diagram 



Coim/ > >Kerg 




Coker/ » Img 



in which the dotted arrows are categorical monies or epics (here we use that there 
are enough projectives and enough injectives) that may or may not be kernels or 
cokernels. 

Remark 2.1 (Huber). The morphism u : Ker g — > Coker/ is strict in the sense 
that it factors as Ker g -» X >— » Cokcr /, so that X = Coim u = Im u. 

Since / factors over Im / and gf = 0, the morphism Im / >— > A factors over 
Ker g >—f A. The morphism v : Im / — > Ker g is an admissible monic by Quillcn's 
"obscure axiom", see Kel90, A.l, c) op ]. Let X = Cokerw and form the following 
push-out diagram 

Ker g » X 



A >Y 

which by |Kel90l A.l, 1st step] is bicartesian. It is easy to see that A — > Y is the 
cokernel of Im / >— > A so that Y = Coker / (it is a general fact that in an exact 
category the push-out of an admissible epic along an admissible monic yields an 
admissible epic) . From this diagram one readily reads off that 

Keru = Im/ and Coker u = Coim g, 

so X = Coimu = Imti as claimed. 

Remark 2.2. The object X constructed in the previous remark is at the same 
time the cokernel of Im / >— » Ker g and the kernel of Coker / -» Coim g. If the quasi- 
abelian category stf is such that for each morphism h the morphism Coim h — » Im h 
is categorically monic and epic then it follows that Coker <p = X = Kerip- This 
is the case if srf has enough projective and enough injective objects, however, the 
author does not know whether this is true in general. 

Example 2.3. Let si = Ban be the category of Banach spaces and consider the 
complex 



where i : £ l — > cq is the obvious inclusion. We have 

Coim [5]= i 1 , Ker[oi]=c , Coker [*]=£ 1 , Im[o*]=co, 

which shows that the dotted morphisms are indeed not kernels or cokernels in 
general. 

By the theory of f-structures, both tp and ip yield legitimate notions of cohomol- 
ogy: if represents H®(A') in the left heart ^ (s/) and ip represents H®(A°) in the 
right heart c € r (s/) of the derived category D (s/) if A' is considered as a complex 
concentrated in degrees — 1, 0, 1. To be more specific, we need two definitions. 
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Definition 2.4. Let A* = (••• — > A~ 2 A- 1 A A 1 ->■••) be a 
complex in the quasi-abelian category srf '. The left truncation functors are defined 
by 



T ?°A m = (•••—> A -2 -^-> A -1 — > Ker d° — > — > — > ■ • • ) 



and 



r. 



>o^. = ( > o _> Coimd- 1 -> A ±+ A 1 



while the right truncation functors are given by 

T ^A* = ( > A" 1 ^ A -» Imd° - -> • • • ) 



and 



f°A' = ( > -> Cokerd- 1 -> A 1 ^ A 2 -» • ■ ■ ). 



The truncation functors yield endofunctors of the derived category D As usual, 
we put for n£Z 

r? = r"oT^oS", 



etc. 

Definition 2.5. Denote by (s/) the essential image of Tf°, etc. It is not diffi- 
cult to prove that (D^° {^),T>j° is a t-structure, see |BBD821 1.3.1, 1.3.22], 
which we call the left t-structure. By duality (D-° (^),D^° is a t-structure 
as well and we call it the right t-structure. The corresponding (left and right) hearts 
are 

ft [sf) = Tif (J*) n and <af r (j*) = (^) n (.af) , 

they are admissible abelian subcategories of D (szf) . The associated homological 
functors are H$ = Tf°Tf° : D (^) -> (j*) and i? r ° = r^°r^°. 

There is the following explicit description of ^ (&^)'- objects are represented by 
a monic (A^ 1 <—> A ) in while the morphisms are obtained from the morphisms 
of pairs by dividing out the homotopy equivalence relation and inverting quasi- 
isomorphisms (bicartesian squares) formally, see [BBD821 1.3.22], [Lau83l 1.5.7] or 
[Buh08( Construction 2.2.1, p.35]. 

Proposition 2.6. The inclusion functor if. : s& — > t given on objects by 
A i ► (0 c * A) preserves monies, is fully faithful, exact and reflects exactness. Its 
image is closed under extensions in {^)- It has a left adjoint qi given on objects 
by Coker(^4 _1 c — > A ). Every exact and monic-preserving functor srf — > 3$ to an 
abelian category factors uniquely over an exact functor f>i — > S3 . 

Proof. This is all well-known, see e.g. |Buh08|. Chapter III. 2]. □ 

3. -Homology and Bounded Cohomology 

Let G be a group and let G— Ban be the category of isometric representations 
of G on Banach spaces and G-equivariant bounded linear maps. It is a simple 
consequence of the open mapping theorem that G— Ban is quasi-abelian. 

Notation 3.1. Let ^(G) be the Banach group algebra and let £ be a Banach 
space. The induced Banach G-module is 

\E = l 1 {G)®E^l 1 (G, E) 

with the left G-action on the factor ^ 1 (G). The coinduced Banach G-module is 

HE := Hom B a„ (t\G),E) - £°°(G, E) 

with the action coming from the right action of G on i 1 (G) . 
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Notation 3.2. Let M G G— Ban be a Banach G-module. The module of coinvari- 
ants of M is the Banach space 

Mq = M I span{m — gin : m G M, g G G} 

and the module of invariants is the Banach space 

M G = {m G M : gm = m for all g G G}. 

At the heart of the homological algebra of ^-homology and bounded cohomology 
is the following simple result which is proved by direct inspection: 

Theorem 3.3 (Fundamental Adjunctions |Biih08| p.xviii]). Let j: G-Ban — > Ban 
be the forgetful functor and let e (— ) : Ban — > G— Ban be the trivial module functor. 
There are two adjoint triples of functors 



G Ban G Ban 



1 )t and (-)g 



(-) (-) 



G 



Ban Ban 

that is to say f is Ze/t adjoint to j and j is left adjoint to e£c. 

TTie forgetful functor, induction, coinduction are all exact as well as the trivial 
module functor. □ 

The most important consequence for the present work is: 

COROLLARY 3.4 ( |Biih08|, p.xviii]). There are enough projectives and enough injec- 
tives in G— Ban. □ 

This allows us to consider the derived functors 

L (-) G : D (G-Ban) -> D (Ban) 

and 

R+ (-) G : D + (G-Ban) -> D+ (Ban) 
which underlie ^-homology and bounded cohomology. 
Definition 3.5. Let M G G-Ban. We define ^-homology as 

^{G,M) :=H- n (L-(-) G (M)) 
and bounded cohomology as 

Jt^ (G, M) := Hl l {TL + (~f(M)). 

Theorem 3.6. Up to unique isomorphism of 5 -functors there is a unique family of 
functors 

jrf (G, -): G-Ban -► "T r (Ban), n G Z, 
having the following properties: 

(i) (Normalization) M'q (G, M) = (M G -> 0) /or a// M G G-Ban. 
(ii) (Vanishing) (G,P) = for all projective objects P G G— Ban and all 
n > 0. 

(ui) (Long exact sequence) Associated to each short exact sequence M' >— > M -» M" 
in G— Ban t/iere are morphisms o*„+i : J^n+i (G, M") — > (G, M') de- 
pending naturally on the sequence and fitting into a long exact sequence 

• • • ^ 3V* (G, M') -> JP* (G, M) -> ^ (G, M") ^ (G, M') -> • • • 

in (Ban). 
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On the Proof. This follows from dualizing the proof of the theorem on page xiv 
of |Buh08| . Notice that (-) G and b r : Ban ->■ c € r (Ban), E i-> (E -> 0) both have 
a right adjoint. An existence proof is also given in Section [H □ 

Now consider the duality functor (— )* : G— Ban — > G— Ban and recall that 
it is exact, hence it extends to the derived category D (G— Ban). It induces a 
(contravariant) duality functor 

(-)* : ^ r (G-Ban) -» ^ (G-Ban) 

which is explicitly given on objects by (e : A — > B)* = (e* : £?* — > A*). 

PROPOSITION 3.7. TTie duality functor (-)* : ^ r (G-Ban) — > ^ (G-Ban) is 
well-defined, exact and there is a natural isomorphism of functors on D (G— Ban) 

ff»((-n = (#-"(-))*. 

PROOF. First, the duality functor (G-Ban) — > ^ (G-Ban) is well-defined 
since the duality functor on G— Ban 

(i) maps epics (morphisms with dense range) to monies (injective morphisms) by 
[Rud91l 4.12, Corollaries (b), p.99], 

(ii) preserves the homotopy equivalence relation since it is additive, 

(iii) preserves bicartesian squares because it is exact. 

Let us prove that the duality functor ^ r (G— Ban) — ► l (G— Ban) is exact. Points 
(i) and (iii) yield that the duality functor (— )* : G— Ban op — » G— Ban is exact and 
preserves monies. The same holds true for ig : G— Ban — > ^ g (G— Ban), hence also 
for the composition F = ig o (— )*. By Biih08, 2.2.3, p. 37] the universal property 
of the inclusion functor ig : G— Ban op — > ^ g (G— Ban op ) yields a unique exact 
prolongation F : % \ (G— Ban op ) — > ^ (G— Ban). The construction of F given in 
lBiih081 p.40] together with [Biih08l 2.2.8, p.39] yield that 

F(f:A->B) = {f* : B* -> A*). 

so that F coincides with the above description of the duality functor under the 
equivalence tf r (G-Ban) op ^ tfg (G-Ban op ). 

In order to see that there is a natural isomorphism iJ™((— )*) = (H~ n (— ))*, it 
suffices to notice that for a morphism / of G— Ban there are natural isomorphisms 

(Coker/)* S Ker (/*) and (Im/)* ^ Coim (/*), 

which is a straightforward consequence of lRud91i 4.12, Theorem, p.99]. □ 

Remark 3.8. The dual of a monic in G— Ban is not in general an epic, the range is 
weak*-dense by jRud91, 4.12, Corollaries, (c), p.99] but not necessarily norm-dense: 
consider for instance the inclusion i 1 <^-> cq whose dual is the inclusion i 1 '—t £°° 
the range of which is clearly not norm-dense. It follows in particular that there is 
no duality functor ^ g (G— Ban) — > (G— Ban) as constructed above. 

In a similar vein, (Coim/)* does not in general coincide with Im (/*) but rather 
with its weak*-closure and (Ker/)* is isomorphic to the codomain modulo the 
weak*-closure of Im(/*), hence it may be distinct from Coker (/*). 

Recall the main properties of the duality functor on G— Ban: 

Proposition 3.9 f |Biih081 p.65]). The duality functor (-)* : G-Ban -> G-Ban 

is exact, reflects exactness and sends projective objects to injective objects. More- 
over, there is a natural isomorphism (— )* o (— )q = (— ) G o (— )*. □ 
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Theorem 3.10. The duality functor (-)* : c € r (Ban) — > <&t (Ban) yields a natural 
isomorphism 

(jrf (g, m)) * = jt? (g, m*). 

PROOF. To compute (G, M) choose a projective resolution P.^>M, apply 
the coinvariants (— )g to P. and then the right cohomology functor H~ n to the 
resulting complex. Now the two previous propositions give natural isomorphisms 

(H- n ((P.h))* = fl?(((P.)c)*) = #"(((^)*) G ) 

and it remains to notice that M* >— >(P,)* is an injective resolution of M*, so that 
the right hand side computes bounded cohomology in degree n. □ 

4. Canonical Resolutions 

Using the canonical resolution associated to the induction comonad we give a 
relatively elementary proof of the existence of the ^-homology functors as described 
in Theorem 13.61 In the next section we will make use of this construction in order 
to relate our theory to the classical one. 

Recall the fundamental adjunction of induction j = £ 1 (G) <£> — : Ban — > G— Ban 
to the forgetful functor j: G— Ban — > Ban, see Theorem 13.31 The latter functor is 
obviously exact while the former is exact since ^(G) is projective and hence flat 
as a Banach space. Every adjoint pair of functors gives rise to a comonad and a 
monad, see |Wei94( 8.6, 8.7], as follows: 

Let L : srf <-> 3§ : R be an adjoint pair and let e : LR => id^ and n : id^ => PL 
be the adjunction morphisms. Write _!_ — LR and T = RL, as well as 8b — L(i]rb) 
and = R(sla), it is then a simple fact that (_L, e, ji) is a comonad and (T, rj, S) 
is a monad, see |Wei 94 , 8.6.2]. The simplicial object associated to the comonad _L is 
described in |Wei94[ 8.6.4], it gives rise to a simplicial resolution _L*£> — » i?, where 
± n B := {±.) n+1 B. 

Suppose si and 3S are additive. By taking the alternating sum of the face maps 
one obtains a complex which we still denote by _L*P, and it yields the canonical 
resolution _!_*£? — > B. This parlance is justified since it is well-known and easy to 
check jWei94[ 8.6.8, 8.6.10] that R(L*B) -> R(B) as well as -L*L(A) -> L(A) are 
chain homotopy equivalences for all B s ^ and all A E 

We apply this to the induction comonad _L = jj. and obtain in particular for 
each M £ G— Ban the canonical resolution 

_L»M -> M, 

which has the property that for all M £ G— Ban and all E S Ban the complexes 

|( ► J_iM — ► ±oM — >• M) and > J-it-B — > J-oT-B — » f-B 

are split exact in Ban and G Ban, respectively. 

Since _L is exact, we obtain for each short exact sequence M' >— > M M" a short 
exact sequence of complexes 

l,M'Hl»M^l t M" 

in Ch-° (G— Ban). Writing temporarily J i = idc_Ban we have for all n > 

(± n M) G ^e\G) § Ge (Un-iM) = lJ. n _iAf, 
so we get a short exact sequence of complexes in Ch-° (Ban) 
(T*M') G ^(^*A^)g -K-L*M")g. 
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Since the inclusion functor i r : Ban — > c & r (Ban) is exact, the snake lemma 
provides us with a long exact sequence 

• • • - H?{i r {UM') G ) - H?MUM) G ) - fl?(t r (J..M") G ) - ••)-••• 

which is obviously natural in the short exact sequence M' >— > M -» M" so that we 
have constructed a 5-functor. 

Because the complexes involved are concentrated in non-positive degrees and 
because t r and (— ) G are left adjoints and hence commute with taking cokernels, 
we have that 

fl?M(_UM) G )) = Coker(i r ((± 1 M -» ± M) G )) 

= i r o (-) G o Goker (_LiM -> _L Af) 
S (M G -» 0). 

For each Banach space E the sequence 

>U]E^^E^]E 

is split exact, so the map 

(U]E) G -» (T^) G = S 

is a quasi-isomorphism and hence the cohomology of the complex L r {L sr ]E)c van- 
ishes outside degree zero. Finally, the morphism [em : |_LM — > J.M is a split epic 
for each M £ G— Ban, hence _LM — > M is an admissible epic and it follows that 
every projective P G G— Ban is a direct summand of _LP = Tl-P- Consequently, 
our (5-functor vanishes on projectives outside degree zero and we conclude from 
Theorem 13.61 that : 

Theorem 4.1. There is a canonical isomorphism ffl^ (G, — ) = /f~*(t r (_L»(— )) G ). 

Remark 4.2. The complex _L*M is of course nothing but the bar resolution as 
given e.g. in |Loh07| (2.13), p. 20]. Call a Banach G-module induced if it is of the 
form IE for some E £ Ban. By [Wei94| 8.6.7, Exercise 8.6.3] the direct summands 
of induced modules are precisely the _L-projective objects, or, equivalently, the 
projective objects with respect to the exact structure <f rel on G— Ban consisting of 
short sequences a such that \a is split exact. This notion is closely related to relative 
projectivity as defined in [Loh07( (A.l), p. 104] but it is somewhat less restrictive. 

In particular we have shown: 
Corollary 4.3. Every ^-projective object is (G, —)-acyclic. □ 

Remark 4.4. The acyclicity of _L-projective objects implies by dimension-shifting 
that one may compute ^-cohomology with coefficients in M using any resolution 
P m -» M with _L-projective components. Requiring that is more than just a quasi- 
isomorphism (e.g., a strong resolution) is only necessary if one is concerned with 
ensuring that the resolution can be used to compute the canonical semi-norms. 

Remark 4.5. The construction given here shows in particular that ^-homology 
is the derived functor of the induction comonad with coefficient functor t T in the 
sense of Barr and Beck, see e.g. |Wei941 8.7.1]. 

Remark 4.6. Putting T = ■ffj we obtain the coinduction monad which we will not 
discuss further because the arguments given in this section are straightforward to 
dualize. 
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5. Remarks on our Definition of ^-Homology 

Our first and main motivation for our definition of ^-homology is purely utilitar- 
ian in nature: we want to have a smooth duality between ^-homology and bounded 
cohomology in order to save a lot of work. 

Second, we want to show that no information concerning semi-norms is lost: 
For this we need to describe the classical ^-homology as defined e.g. in [L5h07j . 
An object of t (Ban) can be considered as a morphism of the category Csn of 
complete seminormed spaces and continuous linear maps. Taking the cokernel in 
Csn gives a realization functor real : % \ (Ban) — » Csn which is exact in the sense 
that it transforms exact sequences to sequences in Csn whose underlying sequence 
of vector spaces is exact, see [Biih08j p.xv, Lemma]. It is thus easy to see that 
^-homology as defined e.g. in L6h07] coincides with 

h£(G,M) = reali^~™(_UM) 

Notice that we use the left homology functor H'g instead of the right one. We have 

H' b l (G, M) S real i^ n (~PM) S real^ (G, M). 

The complications involved in the development of a reasonable duality between the 
two classical theories is discussed at length in }Loh07| Chapter 3]. 

Recall that the inclusion functor tg : Ban — > ^ (Ban) has a left adjoint qg 
defined on objects by taking the cokernel in Ban, see Proposition 12.61 Dually, 
the inclusion functor i r has a right adjoint given by taking the kernel in Ban. 
Remark 12.21 implies that there is a natural isomorphism qgH" = q r H™ on the 
derived category D (Ban). From all this we deduce easily: 

Theorem 5.1. The functor q r o J$?l (G, — ) coincides with Hausdorffification of 
classical I 1 -homology iJj (G, — ). Similarly, qgoj^l (G, — ) coincides with the Haus- 
dorffification of classical bounded cohomology H£(G, — ). □ 

Remark 5.2. The main interest of the theorem is of course that it shows that 
as far as semi-norms are concerned one may as well work with our version of the 
^-homology functors since Hausdorffification only consists of quotienting out the 
space of vectors of semi- norm zero in (G, M). 

Remark 5.3. It is important to notice that Hausdorffification as well as q r both 
fail to be "exact", so that the Hausdorffified long exact sequence of ^-homology 
and bounded cohomology is no longer exact in general. 

Remark 5.4. The dual of the kernel of / : M — > N in Ban is not the cokernel of 
the dual map /* : N* — > M* in general but the quotient of M* by the weak*-closure 
of the range of /* . So there is only a natural quotient map 

<U o Jf* b (G, M*) -*(q r o jp* (G, M))* 

as is well-known in the classical context, see e.g. [MM85, p. 540]. This map is of 
course not an isomorphism in general. 
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